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Equivalence of two notions

Lemma clf (x) < f(x),Vx € R™,
Lemma Let f: R™ = R U {400} be a function then the following are
equivalent

(i) clf (x) = lig}n_)ixnff(y), Vx € R",

(i1) epi(clf) = cl(epif).

Proof (1) = (11)

Let (x,r) € epi(clf). Then clf (x) < r. Hence
liminff(y) <r

y—ox

that 1s,

su inf <r.
5>13 L f)

For § = %, there exists y, € Bs(x) such that f(y,) <r + % Thus

(yk,r + %) € epif. Letting k — oo we get y;, — x. Hence, (x,r) €
cl(epif). Thus, epi(clf) < cl(epif).



continued

Let (x,r) € cl(epif). Then there exists (xi,1%) € epif such that
(X, 1) = (x, 7). As f(x) < 1, we have
clf (x) = llm lnff(y) < llm lnf f(x;) <liminf r,=17r

k—coo
Hence, (x,1) € epl(clf), thus, cl(eplf) C epi(clf).
(11) = (1) Since epigraph of clf is closed, it follows that clf is lower
semicontinuous. As clf (x) < f(x),Vx € R", we have

clf (x) < 11m 1nfclf(y) < lim inf f(y). (1)

As (x,clf(x)) € epl(clf) = Cl(eplf), thjé:ex exists (xy,1%) € epif
such that (xy, 1) = (x, clf (x)). As f(xx) < 13, we have
liminf f(y) < llm 1nf f(x) < liminf r,= clf (x). (2)

y—oXx k—oo
From (1) and (2) 1t follows that

clf (x) = liminf f(y),Vx € R™.
yox



