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Convex and Nonsmooth Analysis



Convex Hull of a Set

Convex hull of a set S € R", denoted by coS, is the intersection of
all convex sets containing S.

A A

coS :=N{C:C isaconvexset,S S C}.



Convex Hull in terms of Convex Combinations
Theorem If S is a set in R™ then

coS = {x € R":forsome k € N,3 xq,...,x;, €S, a € Aj such that Zl 10X = x}
Proof Let T denote the set on the right hand side. Letx € T.

Let C be a convex set containing S. Since C is a convex set it contains all
convex combinations of elements of S. Hence, x € C.

Thus, T € C which implies that

T €n{C:Cisaconvexset,S € C} = coS.
Conversely, we seethat S € T,asx = 1.x € T. This implies that coS < coT.
It is enough to show that T is a convex set. Letx,y € T and A € [0,1].

As x €T, thereofore there exist k € N,xq,...,x; €S,a € A, such that

i‘ 1 a;x; = x.Similarly, as y € Tthereofore for somem € N, there exist

Y1, -, Vm € S, B € A, such that Z ~1B;y; = y-Now for 1 € [0,1] we have
1-MDx+Aly=(1— /'l)zl 1axl+/12 —1B;Y;
Z (1= Dagx; + Z 1/1,8]3’]



continued
Clearly, (1 —A)a; =2 0,i = 1,2, ..., k, Apj=0,j=12,..,mand
=D + X B =A-D X +AXT B =1 -D+21=1.
Hence, (1 —A)x + Ay € T for 1 € [0,1].

Theorem If S is a set in R™ then coS is the smallest convex set containing S.
Proof Let T be convex set containing S. Clearly,

coS =Nn{C:Cisaconvexset,S S C}<cT.



Affine Combination

Let {x;}_, be a finite set of points in R™. An affine combination of
these points is any point of the form

— 'k k —
X = Zi:l Alxll izlli = 1.

Set of all affine combinations of two points is the line passing
through those points. Set of all affine combinations of three
noncollinear points is the plane passing through those points.

Lemma A set A € R" is an affine manifold if and only if it contains
all affine combinations of points in A.

Affine hull of a set S € R", denoted by affS, is the intersection of all
affine sets containing S.

Theorem Affine hull of a set Sin R™is the smallest affine set
containing S.



Convex Hull and Linear Hull

For any x, € S we have
affS = x5 + lin(S — x;).

lin(S — xp) Xo + lin(S — x;)



Affinely Independent Points

A set of k + 1 points xy, X1, X5, ..., X}, are said to be affinely independent if the
set

Xo + lin{x; — x¢, X, — Xg, .o, X — Xo}
has full dimension k. This is equivalent to the fact that
lin{x; — xq, X, — Xq, ..., Xjx — Xo}
has full dimension k, that is, x; — xg,x, — xg, ..., X — Xo are k linearly
independent vectors. So

Y ai(xi—x) =0 = a; =0,i =12,...,k

()
llaxl (Z 1a)xo—0:>al—0l—12 k.
()
K apxi+agxo=0ap=—3 ;= a; =0,i =12, ..., k.
()

K aix; =0, jaq;=0= a; =0,i =0,1,2,...,k
A set of k + 1 points x, X1, X5, ..., X, are affinely independent if

icoaxl =0, Zl 0@ =0= a; =0,i = 0,12, ..., k.



Example
 Are the set of 4 points {0, e4, €;, €3} in R3, where

0 =(0,0,0),e; =(1,0,0), e, = (0,1,0), e3 = (0,0,1),
affinely independent?
Let
a0+ Y, a,e;=0, ag+Y; ,a; =0.
a0 +Y; ja;e;=0= (a;,a,a3) =0=a; =0,i = 1,2,3.
Asaqy = a, = a3 = 0 and a0+23: a; = 0 we have ay = 0.

* Arethe set of 4 points {a, e, e5,e3} in R3, where a = (% % —) affinely

independent?
apa+Y; ja;e;=0, ag+Y;_;a; =0
holds fora = (3,—1,—1,—1).



Example
Let S = {x{, X3, ..., X} € R™. Then

coS={xER™a €A, x =21 ax;}.
Do we have to take a € A, always? If m < n, then it is fine. Whatif m > n?
For example consider S = {x, x5, ..., x5} € R2.
Let S; be the set of all convex combination of i points of S. Then § = S;.

S, S3

Hence we only need to consider & € A5 to write convex hull of a finite set of points
in R?.

What if we have a set in R3?

What if S is not finite?



Carathéodory Theorem

Theorem Any x € coS € R"can be expressed as a convex combination of n + 1
elements of S.

Proof Let x =YX a;x;, @« € Ay, x; €S,a; > 0,i=1,2,..k. f k<n+1 we are
done. Let k > n 4+ 1. We will show that x can be expressed as a convex combination
of k — 1 elements of {x, x5, ..., X3 }.

Since k >n+1, x{, x5, ..., X, are affinely dependent. We can find 64, 65, ..., 6 not
all zero such that

Z{'{=1 5ixi = O; Z{le 5i = 0.

Hence,
x =Y% (a; —t8;)x;, fort = 0. (1)
Let t*=max{t>0 a;, —té; =0,6; >0,i € {1,2,...,k}}
= gni%(s— 6r * forsomer € {1,2, ..., k}.
Seta; = al — t*6;. CIearIy, a; = 0 with a,’f = 0. Now
L#£T
Taking t = t" in (1) we get x = {‘ 1a;x;. If k—1 =n+1 the proof is finished.
L#T

Otherwise continue the process of expressing x as a convex combination of
k — 2,k — 3, ... elements until one of them equalsn + 1.



What if there are connected componenets?

Theorem If S € R™ has no more than n connected components, then any
X € coS can be expressed as a convex combination of n elements of S.

o’




Closed Convex Hull of a Set

Closed convex hull of a set S € R", denoted by coS, is the
intersection of all closed convex sets containing S.

A A

coS




Closed Convex Hull
Theorem The closed convex hull coS is the closure of the convex hull of S, that is,

coS = cl(coS).
Proof The set cl(coS) is a closed convex set containing S. Hence, coS € cl(coS)
as coS is the intersection of all closed convex set containing S.

Conversely, let C be a closed convex set containing S. Since C is convex we have
coS € C. As C is closed we have

cl(coS) € C.
Hence,
cl(coS) €N {C:C isaclosed convex set,S € C} =coS.
Remark co does not distinguish S from coS and clS, that is,
coS = co(coS) = co(clS).



