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Derlrartnrent of 1\{ athenta,tics
\{Ph il l PhD Coursework Exarrrination

Ro't I Topics in Apfulysis
(.lrrly 2022)
Tirner: 3 hr

\1a,x. \,1'irks : 70
Attempt SFJVFI|{ rlrestions in all, All sr.mhols car ry their usual meaning.

l. [,ct 1i- : ,_a,,b) x [a.ll] + iRl be continru;rrs irrrtl lct he be fixed. Find ccnditio
on ,\ R such that t,he integral equation r(t) K (t, r)r(r) r*lt ff) has a

( 10)unlque so ntiorrinz€ Cla,b)

n) State Banach's Contraction Principle and Brorvder's Fixed point Theorem. Let

.bl

X:co
Iai-

,t
lll

he Banach S
i.tX; .tl , a-lncl suppose tha,t t

ace of aIl real
e irr.applrlg ./ is given by /

that tend to zero.# equippecl with norrrl
r , iI 1, T2, T.3,

cSfrtraction or ll a noll*
above, tu,'o theorems hold

(2+2+6)

an algebra of compiex coutitruous functions
zeC: -1 ). Let "4 he the set of all

st, in O and are cont
a normed space Y. such

inuous h,t everyfliint e11

nd an expression for the
(5)

w erer:
map

€ X. Checl< if lsa
verl f 

'the 
cot'rel'.

ffi.$\cla as0ns, ,l ust rrs your: clairns irr dct

?/a) I,pl :i Y he ir lJlrrrtil:i;pa{-)crj tiiril .f . [u,,L] -) ;{ i.re t'r i{,ientatttr integralt[e
fturctiou. li'/ : ,Y + l'' is a ]-.,ourrclccl liucar opcrator tlrcrr shol, that ,4./ is also

Riernar[r irrresr.a]rle,arrrl .zl f,l tAldt, - [,lrU@(tt. -At

/{

./',
\r/ State t

defined on a c,ornf"ract set K. Let lf -

@ Let (!ut.E, p) be metisure space ancl X a Banrrc'h spa,ce. \\rhen is a functiorr

f : t'[ -+ X said to be strongly me@lq '/ \\,rherr is a strongl). rneasurable
function .f : ltl -+ X Bochner rreasr[ Ie ancl how is its Bochner int
defined'? Shorv that the

$ --'-'\

ition Boc,hner l' is indepenclent of
(6)the choice of sequence of st,ep func,tions.

fnnctious of the fcrrm f (rt') : Il:u ., e'''t where ,n/ g N.c, € C,0 g R. Dertermine:
@Furtherwhich of the r:ondit,ions of tire a,

check rvhr:t or not t
CASE

hii
in O. Show that ./

oned resu
e conclusion of the theorem holds? Give a reason in either

.

-

(2+8)

a) Let F : Ci0. 1: -+ C[0, L] gir,'en by' (,e(o))(t) : [ii ,fr; ,r]' Finct the Frechet

(6)clerivativr: of F at, any (,0 e ('
(1r) Let A be a bor-urded linear operator on a real Hilbet't space H and define

F', H -+ IR by F(r) - (r.fir). Findthe Flechet derivative of F atp!(t)

a) Let f be clefined on an open set O in the direct surn X - Xre Xz€)Xr,
(rvhere each X is a Banach space), an take values in

0, 1

is Irrechet €TCI}

1

['

t

Frechet derivative of / a,t .r;o

tia, f,s and fi
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O -+ l'bc Frcchct diffcrcntiablc, rvhcrc O c X, is opcn, X, Y arc oilcrr
dsu pose a, b e O with the line s a,tobc ained

Show tha,t ,f b (a) Tg b.-a -u. sup - ,f, 5

tate and prove a Sur VE for a function /' O -+ Y rvhere

O c X is arrr operl
an approplizrte irn

X,Y are Bana,ch spaces. You may

? (u) Show that for f

)

clet'r,rlv state and use
ff

(10)licit function

(: Ir(R^'), g € r'(R'),I { 7t

for a,lmost evely.:r € RN,

f *g for .f € Lr'(R") ,g e L1(:

) aricr llf * ell, S ll/ll,llgll,

a)g@) is integrtr,ble
S rc the function y ,-+ .f (r -(t\

\=i

(6)
(1r) Define convolution RN).I { p ( cc. Shorv further

/t E-.l- .

tliat f *ge ,r(R,

9. (u) Let Q c RN }-re oper], When is a function./ € L!,"(Q) said to be wealill-
r-lifferentiarbie? Shorv thtr,t for O ,= (-2,2) the ftmtt'itn'rj(t) - ltl is wealilv
differential-r1e and fincl its weak clerivative, (4)

(1,) Show tliat it .f e L!,"(A) is weakll,' cliff'erentiable with weak clerivativ e oI f zeyo,

thenl:co,,sta6TY (6)

10. Let O : (a, b) c lR. Define the spaces ll"yLb+, 1 S( cxr, Show that these spaces are

Banac]r spaces r,r,ith respect to approffite norms. Further, show that 11,'r'p(a,h) C
./ clr,tr] rf ;. b e R. . ' 
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