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Separation of a convex Set and  a Point

Theorem Let  be a nonempty closed convex set and let 
Then there exists  such that 

௬∈
. 

Proof By projection inequality we have

 

Since and is closed 

and hence we have

which implies that
ଶ

ଶ

, .
Then 

௬∈ ௬∈
.

Note We can choose with 

𝑪



Separation of a convex Set and  a Point

Corollary Let  be a nonempty closed convex set and let 
Then there exists  and such that 

.

Proof Choose 
ଵ

ଶ
(

௬∈
).

The hyperplane ௦,ఈ strictly 

separates and .

Theorem Let  be a nonempty closed convex set and let 
Then there exists ᇱ  such that 

ᇱ

௬∈

ᇱ . 

Proof Choose ᇱ in previous theorem.

௦,ఈ



Support Function
Let  be a nonempty convex set. A function  



defined as


௬∈

is called support function of .

i)   (positive homogeneous)

ii) 
ᇱ

 
ᇱ (subadditive)

So,  is a sublinear function.  is a convex function

Example For we have 

Example For ଶ we have
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Separation Theorem: Analytic form of HahnBanach Theorem
Let  be a nonempty closed convex set and let Then there
exists  such that

௬∈
= 

Hence if  ,  then 

Also if then 
௬∈

, .

Theorem (Hahn Banach Theorem) Let be a vector subspace of a

vector space . Let be linear and be sublinear. If for

all , ), then there is a linear function such

that

(i) , 

(ii)  

  , .



Strict Separation of Two Convex Sets
Corollary Let ଵ ଶ be two nonempty closed convex sets in  with ଵ ଶ
If ଶ is bounded, there exists  such that

௬∈మ ௬∈భ

.

Proof The set ଵ ଶ is convex and closed as ଶ is compact. As ଵ ଶ
it follows that ଵ ଶ. Hence by separation theorem there exists

 separating and ଵ ଶ, that is,

௬∈భିమ

௬భ∈భ

ଵ +
௬మ∈మ

ଶ

௬భ∈భ

ଵ
௬మ∈మ

ଶ

௬భ∈భ

ଵ
௬మ∈మ

ଶ

as ଶ is compact.

Note
௬భ∈భ

ଵ +
௬మ∈మ

ଶ భ మ



Failure of Strict Separation
Let ଵ ଵ ଶ ଶ

௫భ and ଶ ଵ ଶ ଶ 0

𝟏

𝟐



Weak separation
Let be two nonempty closed convex sets in . They are 
weakly separated if 

మ భ

.

The sets are properly separated if

మ భ

&   
మ భ

.

Theorem Two nonempty closed convex sets in can be
properly separated if

𝟏

𝟐

௬∈మ ௬∈భ



Weak separation

If then 

మ భ

.

Separation is proper if .

𝟏
𝟐



How to find a supporting hyperplane not containing whole of ?
Let be a nonempty convex sets in  and 

If int either or . 

If then only supporting hyperplane is aff . 

Supporting hyperplane not containing whole 

of is possible only when . 
Let be the subspace parallel to 

aff and ୄ. Clearly,

, 

Let 

Then  is a convex set and 

rbd .





continued
Let   be such that  . Since   there exists 

with  separating and  that is,

  

Taking limit along subsequence there exists

with such that 



which implies that

If , then ௦, is the 

nontrivial supporting 

hyperplane at .
𝒌



𝒔𝒌,𝟎

𝒔,𝒓



continued
In fact ௦, is the nontrivial supporting hyperplane at if 

Any with the decomposition   is a nontrivial supporting 
hyperplane at if  Otherwise, for all we have

    + 

 + 

which implies that  is constant on . 

This further implies that  is

constant on aff and hence  . 

As it 

follows that  which is a

contradiction.




