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Convex and Nonsmooth Analysis



Convex Set
A set ௡ is said to be a convex set if for ᇱ we have

ᇱ where the closed line segment ᇱ joining and ᇱ is
defined as

ᇱ ᇱ .
Equivalently, if for ᇱ we have ᇱ where 

ᇱ ᇱ .
A set is convex if

ଵ ଶ ଵ ଶ for .

convex not convex

ᇱ



Convex Set

A set is said to be a convex set if for we have

convex not convex

convex



Examples of Convex Sets

By convention an empty set is a convex set.



Star-shaped set
A set is said to be star-shaped set at if for
we have

for .

A set is convex if and only if it is star-shaped at every .

ᇱ

ᇱ



Hyperplane
A hyperplane associated with ௡ is a set denoted
by ௦,௥, defined as

௦,௥
௡ .

Hyperplane is a convex set. This hyperplane is parallel to the subspace
௦,଴. The vector is orthoganal to the hyperplane, that is,

௦,଴
ୄ.

A hyperplane in ଶ is a line, a plane in ଷ and a point in .



Affine manifold / Affine subspace / Affine set 
A set is said to be an affine manifold or affine subspace if

for .
Affine suspaces in are planes, lines and single points.
A hyperplane is an affine subspace of dimension .



Affine subspaces and Subspaces
Theorem 1 If a set ௡ is an affine subspace and if then is a
subspace.
Proof Let . Let and . Then there exists ᇱ such that

ᇱ .
As is an affine subspace we have ᇱ . Hence,

ᇱ ᇱ . 
Let ᇱ ᇱᇱ then there exist ᇱ ᇱᇱ such that

ᇱ ᇱ ᇱᇱ ᇱᇱ

Now ᇱ ᇱᇱ ᇱ ᇱᇱ ௩ᇲ

ଶ

௩ᇲᇲ

ଶ
. Clearly, ௩

ᇲ

ଶ

௩ᇲᇲ

ଶ
and 

hence by the previous justification ᇱ ᇱᇱ



Simplices
Unit simplex in ௞ is denoted by ௞ and is defined as

௞
௞

௜
௞
ଵୀଵ ௜ .

Unit simplex in ଶ

Unit simplex in ଷ

(𝟏, 𝟎)

(𝟎, 𝟏)

(𝟏, 𝟎, 𝟎)
(𝟎, 𝟏, 𝟎)

(𝟎, 𝟎, 𝟏)



Cones
A set ௡ is said to be a cone if for and we have

.

convex cone nonconvex cone



Cones
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Properties of Convex Sets
Lemma 1 If is a family of convex sets in then
is a convex set.
Proof. . As is convex we have

for 
which implies that

. 
Lemma 2 If are convex sets then

is a convex set.
Proof. . Then

, ,
where As each is convex we have

, for
which implies that for
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