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Attempt SEVEN questions in all. All symbols carry their usual meaning.

(a) State and prove Banach’s Contraction Principle. (6)

(b) Let X = [* with its usual norm and the mapping f be given by f(z) =
(1/2, 21,9, 3,...) where © = (x1,2s,...) € [*. Show that F has no fixed
points and state, with justification, why Banach’s Contraction Principle does
not yield a fixed point in this case? (4)

(a) Let (X, -]||) be a Banach space and f : [a,b] — X be a Riemann integrable
function. If the function ¢ — || f(¢)|| is also Riemann integrable, then show

that , )
\ / f(t)dtHS [ lsnar
(5)

(b) Is the function f : (0,1) — L*(0,1) Bochner integrable when (a) f(t) := X0
(b) f(t) := tzo where x is a fixed element of L>(0,1). Justify. (342)

(a) What is meant by an algebra? Give an example of (a) an algebra of functions
which is closed; (b) a collection of functions which is not an algebra. (3)

(b) Let T = {# € C : |z] = 1}. Let A be the set of all functions of the form
f(e?) =3 e, where N € N, ¢, € C,0 € R. Show that A is an algebra
which separates points of T and vanishes at no point of T. Further, show that

0% f(e®)e?dd = 0 for f € A and deduce that there are continuous functions
on T which are not in the uniform closure of A. Is the Stone Weierstrass

theorem applicable here? Give reasons. (7)

(a) For a mapping f : D — X where X is a normed space and D an open subset
of X, explain the difference between the statements (a) f’ is continuous at x
(b) f'(x) is continuous. Prove that if f’(z) exists, then it is continuous and
differentiable. (6)

(b) Let g € C[0,1],a € C be fixed. Define F : C[0,1] — C[0,1] by F(z) = ag -
z,x € C[0, 1] where - represents pointwise multiplication. Find the derivative
of F. (4)

(a) Let f : D — Y be differentiable at € D and Z be a normed linear space
and B : Y — Z be a bounded linear operator. Prove that B o f is Frechet
differentiable at x and find (B o f)'(x). (4)



10.

(b)

(a)

Let f: H — R where H is a real Hilbert space and a € H be fixed. Define
f(x) := {(a,x)? z € H. Show that f is differentiable and find its derivative. (6)

Let f be defined on an open set €2 in the direct sum space X = X; ® Xy ® X3,
(where each X is a Banach space), and take values in a normed space Y, such
that all partial derivatives D; f exist in €2 and are continuous at every point
in Q). Show that f is Frechet differentiable at xy and find an expression for the
Frechet derivative of f at x. (5)

Let a € [0,1] where cosa = a. Define X to be the space of all continuously
differentiable functions on [0, 1] that vanish at o with norm given by |z| =
SUPg<;<1 |2'(t)|. Prove that there exists a positive number § such that if y € X,
and ||y|| < 0 then there exists an 2 € X satisfying sin oz + 2 o cos = . (5)

Let 2y = 3+ 44, 20 = —i and 23 = oo. Compute the spherical distance between
(a) 21, 22, (b) 21, 23 and (C)i, % Show further that spherical distance defines
a metric do, on the extended complex plane Cy, = C U {o0}. (34 2)

Let d denote the usual distance metric on C and d,, the spherical metric on
Cw. For a € C designate B(a,€) an open ball in (C,d) and by B(a,€) an
open ball in (Cy,dw). Show that if a € C and r > 0 then there exists a p > 0
such that By (a,p) C B(a,r). Conversely, show that if « € C and p > 0 then
there exists r > 0 such that B(a,r) C By(a,p). (5)

Show that if f is a meromorphic function in a domain D then it is continuous
in D with respect to the spherical distance. (4)

Let {f.} be a sequence of meromorphic functions defined in a domain D. Show

that {f,} converges uniformly with respect to spherical distance on compact

subsets of D to a function f if and only if about each zy there is a closed
1

disc B(z0,r) about zo of radius 7 > 0 in which |f, — f| = 0 or |7~ — %| -0

uniformly as n — oco. (6)

When is a family of meromorphic functions called normal? Give non-trivial
examples of (i) a normal family of holomorphic function (ii) a normal family
of meromorphic functions. (5)

Consider the statement ”A family of normal holomorphic functions which is
locally uniformally bounded in a domain D is normal in D.” State an analog
of this result for a family of meromorphic functions. Check whether or not the
family {f,} where f,(z) = =57 is normal on the disc of radius 1 centered at

27 (5)

Let F be a normal family of holomorphic functions in a domain D satisfying
min,e, |f(2)] < M Vf € F where o is a bounded and closed subset of D and
M is a positive number. Show that the family F is uniformly bounded on each
bounded closed subset E of D. Illustrate this result with a non-trivial example.

(6)
Let fn(2) := 143"z +3?"2% and g,(z) = ﬁ What can you deduce about
3TL

the normality of the families {f,} and {g,} in the domain D = {z : |z| < 3}.
Justify. (4)



