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Convex and Nonsmooth Analysis



Tangent Direction and Tangent Cone

Let S € R" be a nonempty set. A direction d € R" is said to be a tangent
direction to S at x € S if there exist a sequence {x;} € S and a sequence
{t;} such that, when k — oo,
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The set of all such directions is called the tangent cone (contingent cone, or

Bouligand's cone) to S at x € S, and 1s denoted by Ts(x).
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Tangent Cone
1) Clearly, 0 € Tg(x).
1) If d € Tg(x) then ad € Tg(x) for a > 0.
If d € Tg(x) then there exists a sequence {x} € S and a sequence {tj } such
that, when k — oo,

Xk—X
xk—>x,tkl0,’; - d.
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Letr, = %‘ Ast, | 0 we haver, | 0 and
X=X (xk—x)
=« - ad.
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ii1) If x € intS then Tg(x) = R™.
Clearly, Tg(x) € R".
Let d € R™. Since x € intS there exists § > 0 such that Bg(x) € S. Clearly,

8d
2kldl S Bg(X) c S.
Let t,= k"d” Then t;, I 0 and =d - d.

Thus, d € Ts(x), and hence R" C TS(x)
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Tangent cone is not necessarily convex
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Equivalent Definition

Proposition A direction d is tangent to S at x € S if and only if there exist a
sequence {d;} € R™ and a sequence {t; } such that, when k — oo,

dk — d, Ly ) O,x+tkdk ES, for all k.

Proof'Let d € Ts(x), then there exist a sequence {x;} € S and a sequence
Xk—X

{t;} such that, x;, = x, t; | 0, P d. Define
d, = == forall k.
Lk

Then d;, — d and x + t;,d;, = x;, € S, for all k.

Conversely, let there exist a sequence {d; } € R™ and a sequence {t; } such
that, d,, > d, t;, 1 0, x + t;d; € S, for all k. Define

X=x + tdy, for all k.
=:dk - d.
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Then {x;} € S and .
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Tangent cone is closed

Proposition The tangent cone is a closed set.

Proof'Let {d;} € T¢(x) be such that d; — d. For each d; there exist a

sequence xFlc Sanda sequence t* 1 such that, for k — oo,
l l
xl —X

xlf - x, tkl o,
Foreachl > 0 we cankﬁnd k € N such that
—le <7 for all k > k;.
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For [ = 1, in particular for k = kl‘ = k, we have
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For [ = 2, in particular for k = k2 = max{kq, k,} we have
ky )

t;cz - dz < E
For [ = 3, in particular for k = k3 = max{k,, k3;} we have
k3 _
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k3 - d3 < E
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continued
Proceeding like this we get

where k; .1 = k; forall l. As x — x and k;;; = k; for all [ it follows that xlkl - X
. K
as [ — oo. Similarly, t,"l 0 as [ — oo,

. A 1
Given € > 0 there exists [ € N such that 3 < g Hence

xfl,;x —d)|| < £ Vil
t, Z
As d; — d there exists [ € N such that
Mrﬂﬂ<§ vix>1
Let [ = max{[, [}. Then
k
”;f —d|| <e, vix1
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Hence there exist a sequence {xlk '} € S and a sequence { t{c "} such that, for [ - oo,
k
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x; = x,t,10, T - d
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which implies that d € Tg (x).



Distance function
Let S € R"™ be a nonempty set. A function dg: R™ — R defined as

1s called distance function.
Example Let S = {(xq,x5) : xf + x5 = 1}.

ds(xq,%,) = |1 — \/xlz + x2

ds(x) = infyeslly — x|




Example

Example Let S = {(x1,x,) : x% + x5 < 1}.

ds(xq1,X3) =1

‘
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0, if x2 + x5 < 1,

fo+xf—1, if x7 4+ x5 > 1.
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