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Tangent Direction and Tangent Cone
Let  be a nonempty set. A direction  is said to be a tangent 
direction to at if there exist a sequence  and a sequence 

 such that, when ,

 ,  ,
௫ೖି௫

௧ೖ
.

The set of all such directions is called the tangent cone (contingent cone, or 
Bouligand's cone) to at , and is denoted by ௌ .
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Tangent Cone
i) Clearly, ௌ .
ii) If ௌ then ௌ for
If ௌ then there exists a sequence  and a sequence  such 
that, when ,

 ,  ,
௫ೖି௫

௧ೖ
.

Let 
௧ೖ

ఈ
. As  we have  and

௫ೖି௫

ೖ

௫ೖି௫

௧ೖ
.

iii) If then ௌ


Clearly, ௌ
. 

Let  Since there exists such that ఋ . Clearly,

=
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ଶ ௗ ఋ   

Let = 
ఋ

ଶ ௗ
. Then 

௫ೖି௫

௧ೖ
. 

Thus, ௌ , and hence 
ௌ .



Tangent cone is not necessarily convex
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Equivalent Definition
Proposition A direction is tangent to at if and only if there exist a 
sequence 

 and a sequence  such that, when ,

 ,  , x +   , for all .

Proof Let ௌ , then there exist a sequence  and a sequence 

 such that,  ,  ,
௫ೖି௫

௧ೖ
. Define 


௫ೖି௫

௧ೖ
, for all .

Then  and x +    , for all .

Conversely, let there exist a sequence 
 and a sequence  such 

that,  ,  , x +   , for all . Define 

 x +  , for all .

Then  and 
௫ೖି௫

௧ೖ




Tangent cone is closed
Proposition The tangent cone is a closed set.
Proof Let  ௌ be such that  For each  there exist a 
sequence 

 and a sequence 
 such that, for 


 , 

 ,
௫

ೖି௫

 ௧
ೖ . 

For each we can find  such that 
௫

ೖି௫

 ௧
ೖ  

ଵ


for all 

For in particular for ଵ ଵ we have
௫భ

ೖభି௫

 ௧భ
ೖభ

 ଵ .

For , in particular for ଶ max{ ଵ ଶ we have
௫మ

ೖమି௫

 ௧మ
ೖమ

 ଶ
ଵ

ଶ
.

For , in particular for ଷ max{ ଶ ଷ we have
௫య
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ଷ
.



continued
Proceeding like this we get
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where ାଵ  for all . As 
 and ାଵ  for all it follows that 



as . Similarly, 
 as .

Given there exists such that 
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መ
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. Hence
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,                  .

As  there exists such that 


ఌ

ଶ
,                  .

Let . Then 

௫
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ೖ
 ,                  .

Hence there exist a sequence 
 and a sequence 

 such that, for 


 , 

 ,
௫
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which implies that ௌ .



Distance function
Let be a nonempty set. A function defined as

is called distance function. 

Example Let .



Example
Example Let .


