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View this lesson on YouTube (30]
Where are we going?

@ P26 b B chop Tondell Hemes .
« We will discover a new method of solving PDE, known as the “Wmﬁgﬂ” approach. an 3(":"1 5
m

o In contrast to the method of “separation of variables”, the new method actually involves
connecting or combining the variables in a special way.

e Such techniques are very powerful, enabling us to solve a range of linear and nonlinear
problems.

e The basic idea is to determine a set of “invariant stretching transformations” that leaves

the PDE in question unchanged. In this way we can reduce the problem to an ODE which
may be solvable.
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We have alrcady scen the idea of “invariant stretching transformations” at work when we
solved the heat/diffusion equation '

—k _— (5.8.1)
i “l e U.a-r k s
,r}/j e GM‘Ju\- dj"— - F (ﬂ’}) -_ 'G)
where k > 0 is a constant. If we let "
y s g . ’ e Ve 1 (nuenied
! X :=Var, and T:=at Pomarme o
todes ~4 G 7 ' coe . unden  spectol  onarsduimdion
, . til_en- u(X,T) solves (5.8.1) and notice that the ratio kntuan. an “Admee Riny . S S
’ ' g 2 2 ¥ _
X ] X =T ke -
T ol ¢ 4= py LGP =,
or , A Arectsn bl of /”r//'.‘m;e
X ez _ =z : ]
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‘This kinds of transformations are known as invariant with respect to the PDE. (5.8.1). o Ao ne
Based on the above, we assumed solutions to (5.8.1) were of the form like -G

-*“and-then (5.8.1) reduced to an ODE

g'+2%g =0, p=z/Vikt (&

Mu.t Jl,g 24, Y sdd,
thuwrfond Wden  Hle Ao nitosse oy,

) when -'ﬂ(e D¢  steadd Hhe

which we could solve to obtain Aamre  I'n Jhe  hew

) z/Vakt 2
u(z,t) = g(p) = A/ e ds+ B.
0

We now show how to go further!
.~ Consider, (say) the PDE .
L(u) =0.
Consider the transformations
L

\ : - X= a*z, Y = aﬁy: u= a.'u.-

Then construct solutions of form ey

4

u(r,y) =y "g(zy®) -

for some r and s. .

P e v } o !

a : A v
Form and solve an appropriate ori"linm‘y-f differential equation; *
The procedure is best explained via examples. °
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Solve, by applying the similarity solution method:

b= hugy - Med Gon[difften @ o1
] v oy | :

il u(x,0)=0, z >0 whee W m{

e enend-
uz,t) 50, x00; uy(0,t) =N, t>0. She Jemp. R e W
IS s G = . pondien  w Hwe .
Solution: #1. Determine a set of stretching (dilation) transformations under which
- the PDE is inva.riant(_\mnku ;t&).
Consider ' ) _
N ‘ X=a"; T= aPt; X, T) = a’u(z,t).
Now, by the chain rule we have x= aX¥ , . o €7 y u=a~’ix [7;‘?) p
= e oYy &P oy
Uf = aVuyty = a7 By, -'1_.'. : Uy ty - a’ uy ——t
A
|\ Similary, &g = QYuz g = 072y and Tgx =a"""(uz) g = @V 2%y,,. Hence
. .. ! -2

L]

L = QU ) G- kigy = @Y Puy — ka1 2y, s =
U 1 T XX Uy
- a

&

.) 7

(&), g

. - =|e2n (67 I
- = v_vhen T—B=7-2a. That is, our PDE is invariant under the stretching transformations a~te
- | when S : : ;o 3u
B =2 :—drh—%f‘

- e and v is arbitrary. This means that when v = u(z, P
-u 6( T ) = au(a®z, aft). ‘

oKy s adTur =g
W Fd IFE,T) - @, ts
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OV CHg (V7)) v G Ay = a7y am¥d)
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#2_ Determine s and $such that X7

s — pt* and @77 = ut”. We have

20,)5 ( r.’ ﬂcZﬂ()

a®x(a’t)? = a®w(a
nn(l+2s)mt3
)

X7

xt®

-—

THE HEAT EQUATION

» A -~
i for s ==1/2. Hel'lceorms an absolute invariant and we let p = zi~1/2. Now j
| afr = a'a(d’t)" = aTu(a®*t)" 1
) v Ve, gl C O A )
= ut’, a
forfF = —v/2a. 3 v
#3. Form lu(z.t) = t—g(zt®) =t"g(p)-
For our situation, we have -
oL e =g ) = ), ‘
We can determine « and o from our boundary conditions. Observe G.. 1 " -4 )
) (X t
' uz(0,t) = t7/2°"1/29'(3:t—1/2)]z:o S= ‘t z g’
- 2 — t‘.‘r/?cx—lﬂgl(o) _ {(zi" _i—) 8‘ @)
O \_' " \ \ . K 1' o . _ N = /"’. _—
RS ’ y = 1/2 - : ] J&«' ;
if  Thus,|u(z, t) = t2g(zt~1%) =t /2¢(p){ Furthermore, we have ormed ~
- " | : the boundary cbn(ﬁ_—tt‘ion 4'(0) = N. Now, ) ;
- . - ) __)
o as = — oo leads us to g(p) = 0 as p — 00
*|" All' we need now is an ODE in g. We compute the derivatives that appear in our
original PDE, namely — e W N
— L [ wes [ ™) |
» Lol [t1729'(::t'1/2)] oD Y
) t - | -—\‘z
: Lt qQ -
1. 1/2 o ’ 2
- E - =t 1/29 + Y (_____) g
2 2602 ' N V) (4 e
~ "6 . t—l/Z = 2 xg 2 o )
= — [¢-pd]- Z# DR 2
. N
)
Also, - ‘E'VL 3 - a’b)
_ |41/2 —-1/2 _ =12 2 - S—
uze = |t/ g(xt ) = t~1/%g". v 2 |
- r L ‘ i )
! 2 . 1'," e Mg or g
b NN - )
.8 Up = £ 9'(ne %) % N
" > ! N, Al A 7 .. M g
& *F hpos = t2 § ﬂ{z‘ ’)“ 1= g s d
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Thus, our PDE becomes \
Vo Y B R‘
- 1/2 |
— -1/2 Il
= T l9-py T = kt=V km—--
4
that, is anJQﬂ ¥ .
; h dhe ““H’O‘h

2;\'7"+pg—g_0 ‘J‘M’ ku,t.n.dmd' "g{'gb

A~ a2l
Now, we notice that one set of solutnons to this ODE is g,(p) = Cip, whe::fa 1‘s’£a i
constant. (0 gel e 60 00, k) +PG —GP=0)

We may construct a second solution via the reduction of order method, via

 unknnn &° 92(p) = ph(p)
\

where L is a function to be deter mined. Calcdlate 95, g 2 etc and substitute into (5.8.3).
Now, our ODE !5 8.3) becomes = 9(p) = P )

- - pl 4 pf«(’}
. IQkph s 0'/ suc(‘;)} e ';.'[(PI +« ble) + p AP/
';50 that. / 3

' (- W W(p) = Che=[@k+p?)/2kp dp \[ whee & D ML‘_@
o i = e O & Zt(phr(p/-f H PN+ ,ﬁﬂfﬂ ﬂ’m’)
= Cpe~(2np+r/1k)
\ Cz —p?/ak ki )

. \ ; et 2

N - c) ,,4 oo [ 4;<+52}£ S
' Hence - é‘m"(’

B / 02 _SQ/M ds

and denote M := h(oo). Now, integrating by parts we have
a6 T PO

Hee) = M- qffcw%

PoAT

LA =M -G (p -p?/ak _ 2k/ Iy ds) -’ M‘C;[( —-h/w( ))_
i) 301 ()t L) | f6 gl
s 2 \

9(p)= (M +C)p-Cq (6—”2/4’“— ﬂ/m e 14k d.’s) .

2% J,

= M- (' %[;,L)

g 4
Applying our boundary conditions we see that g(co) = 0 for M + C) = 0, hence EL f '“"/K&
e

m |

ﬁp) =5 (G‘P2/4k_2£kfp e"‘sz/“" ds)7 "—L_—-’/_f
2 ® 2
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In addition A ZK 7 '
e - _2 —-.17/45'
:»A 2 N = 4'(0) ok e ds. F lld
If welet z = 5/2\/- then dz = ds/2vVk and so
Y Geome Suntlton
- 2 [ e s ' N
o ) J et P
- ﬁ‘z—' e
Hence - a1 = 1 ra| >
AL re = 2rgq) = zu=2)
v 2

Thus [(#) = 3rds) = 3y2xl =&
2NVk !

== e -E— Ttk gs| =3,
RI==r 5% - [Cnatl = |
#4. We have solved our ODE!! Finally, we have

« |

i o ST

_ _t1/22N\/E o T2kt _ *r /m =4kt o | |
\/7? 2k+/1 z/Vt

If desired, this can be written in terms of a complementary error function.

Similarity solution method summary

1. Determine a set of stretching transformations

X =q%; T=0d%; a=d"u

under which the PDE is invariant.
B —eee——

2. Determine s and r such that

3. Form

u(z,t) =t"g(zt’) = t_"9(p)
and an appropriate ODE / boundary value problem for g in p.

- 4. Solve (if possible).
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