DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
M.Phil. /Ph.D. Mathematics Course Work Examination, 2022
MATH21-R07: CONVEX AND NONSMOOTH ANALYSIS

Time: 3 hours Maximum Marks: 70

Instructions: e Attempt all the questions.

(1) @/If A:R"™ — R™ is an affine map. prove that the map L(z) = A(x) —
A(0) is linear. If D is a convex set in R™ prove that L™1(D) is a
convex set in R™.

\M State and prove Carathéodory theorem.
2 If S is a bounded set in R™ prove that cl(coS) = co(clS).

(2) {@{) Let C; and C3 be two nonempty convex sets in R™ such that ri(Cy N
C3) # 0. Prove that ri(¢i N Cs) = O ey, T
Find the convex set Cin R? where A(C) = {(z1,22) € R? : 211+ 79 <
4, —x1+1x9 < 4,29 > 3} and the affine mapping A : R? — R? is defined
as A(xy,x2) = (x1 + 1,21 + x2).
If @ : R® — R" is a positive definite > symmetric linear operator, any x
NE with (Qz, z) = 1 is an extreme point of the convex set C' = {z € R" :
\%\Aﬁ (Qr,xz) < 1}. N .

_ ) if and only if -

\‘L‘\\" (T - Yk Yy —Ya) <0,Vy € C.

\ // —3% Find the projection of (2,1) onto C = {z1,z3) € R? : 2 + 23 < 1}.
J(b‘) Prove that the tangent cone to a closed convex set C' C R" at z € C

v
3 Let C C R™ be a closed convex set. Prove that a point y, € C is the
\) g
O ¢ il ) sl

e e o, —
is the closure of the cone generated by C' — . T(Wézwe (C-1)= d( gt Cc- K)) 4

) Let (7 and C, be two nonempty closed convex sets in R™. For
x € C1 N Cy prove that N, (z) + Ne,(z) € Neynes, ().

‘?? W > e (4) (a) Let f1, f2 € ConvR" such that they have a common minorant. Prove
m@,kﬂ that their infimal convolution is also in ConvR".
e SN

1" toudsp”- (b) Let f € ConvR"™ and S C ri(domf) be convex and c&g; Prove
u()\'l»,"‘ that there exists L > 0 such that '
y

|f(z) — f(2))| < L|jz — '||,Vz,2’ € S.

’)\/“ 5 @ a) Give an example of a strictly convex function defined on\ R? svhich is
» (M o t stri
not str CONVeX. =
New®) 7 o gy,

&<—>b) Let f: R" — R be a convex function. Prove that a vector s € R" is a

@ (,.')Z> subgradient of f at  if and only if (s, —1) € R" x R is normal to epif

quw’\/ at'(z, f(x)). Ilustarte this theorem geometrically and analytically for
- the function f(x,y) = |z| + |y] at ((z,y), f(z,y)) for (z,y) = (0,0).

Prove that a convex function f : R" — R is strongly convex with

s, (€)
C - :)’O J modulus ¢ > 0 on a convex set C if and only if for all x,,x9 € C,
QA ))N-,\dﬂw (59 — 51,20 — 1) > c||lx2 — z1||%, Vs; € Of(x;),i = 1, 2.
, )a
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