DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DELHI
M.Phil. /Ph.D. Mathematics Course Work Supplementary Examination, 2022
MATH21-R07: CONVEX AND NONSMOOTH ANALYSIS

Time: 3 hours Maximum Marks: 70

Instructions: e Attempt any five questions. All symbols have their usual mean-

ings. e
é. (a) If C is a convex set in R™ prove that its interior is a convex set. [5 Marks|
(b) If S is a compact set in R™ prove that its convex hull coS is a compact [5 Marks]
set. Give an example of a closed set whose convex hull is not closed.
(¢) Define the closed convex hull of a nonempty set S in R"™. Prove that [4 Marks]
the closed convex hull of a set is the closure of the convex hull of that
set. G '
(2) (a) Let A:R™ — R™ be an affine mapping and C be a convex set in R". [5 Marks]
Prove that ri[A(C)] = A[riC].
(b) Prove that a closed convex set €' C R"™ is compact if and only if [5 Marks]
Ehs= 40}
(c) Let Cy and Cy be two nonempty convex sets in R™ such that ri(Cy N [4 Marks|

C3) # 0. Prove that cl(Cy N Cs) = clCy N clCs.

% ggz)' Let_F be a face of a closed convex set C' C R". Prove that any extreme [6 Marks]
' —_— — !

point of F is an extreme point of C._If z € F is an extreme point of Q-
“C-then s Tan extreme point of F7 Justify’ _/—/ w
/@ﬁ Prove that every € R" of norm 1 is an extreme point of B(0, 1). [4 Marks]
Ui
\}c’? Let C C R"™ be a closed convex set. For all z,y € R™ prove that 4 Marks]
lpc(z) = pe)? < (pe(@) —pe(y),z —y).

—

:(i)\(a) Let C' € R"™ be a a nonempty convex set (C # R"™) and x be a 6 Marks]

boundary point of C'. Prove that there exists a hyperplane supporting

C at x.

(b) Let K be a convex cone in R™ with polar K°. Prove that the polar of [4 Marks]
K° is the closure of K.

(C)(P;)VQ that the tangent cone to a closed convex set is closed. 4 Marks]

W Let C' C R™ be a nonempty convex set. Prove that a function f: C' — [5 Marks]

. ‘ ¢ C ;
R is strongly convex on C' if and only if f — §Hl|2 is convex on C'.
— e ————— e D ——

(b) Let f : R" — RU{+oc} be a function not identially equal to +oc. |5 Marks]
Prove that the function f is convex if and only if its epigraph is a

. \—
convex set in R" x R.
\_\_/——

MLet C1 and C3 be two nonempty closed convex sets in R™. For [4 Marks]
r € C7 N Cy prove that TClﬁC'z( )} = Tc, () TCg( )
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(6) (a) 7 :R" - RU{+0c} be a convex function not identially equal to
+oo and 2’ € i domf. Prove that
=% clf () = limyyo fl® 4 t(z — ).

Let A : R" — R"™ be a symmetric linear operator. Prove that the
W puactrig linear operator

quadratic function f(z) = 2 (Az, ) is a convex function.

(c) Define infimal convolution of two functions f1, fo : R" — R U {+oc}.
Find the infiml convolution of the functions f;, fo : R — R defined as
fi(x) = 2% and fa(x) = x, respectively.

. SR

L

\/(Zf \(}X Define subdifferential of a convex function f : R" — R in two different
ways. Prove that the two definitions are equivalent.

) Let f:R" — R be a convex function. Prove that a vector s € R" is
a subgradient of f at r if-and @nly if (s, —1) € R" x R is normal to
epif at (z, [r)).

MLet f:R"™ = R be a convex function. Prove that for all z1, 2 € R",
(sg — 81,22 — 1) > 0,Vs; € 0f(x;),i =1,2.

— = At
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