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MATH21-R07: CONVEX AND NONSMOOTH ANALYSIS

Time: 3 hours Maximum Marks: 70

Instructions: o Atteur,pt an-u'five' rluestiorrs. All s,vmbols trave their rrsual lrr('arr-
rngs

4 (u) If C is a convex set in R' prove that its interior is a convex set.
(b) If S is a compact set in lR' prove that its .o"ffiTl coS is a compact

[5 N{arks]

[5 lVlarks]

[4 X,,{arks]

[5 Marks]

[5 N,4arks]

[4 lVlarks]

[4 \4arks]

[4 N{arks]

2)

set. Give arl exarrr ple of a closed set whose corrvex hull is not closed.
(") Dcfin'e thc closed con'u'cx hull of a nonempty sct S in IR". Provc that

the closed convex hull of a set is the closure of the convex hull of that
set

(u) Let A:lR'-+ IR- be an affine mapping and C be a convex set in IR".
Prove that ri[A(C)] - A[riC].

(b) Prove that a closed convex set C g lRn is compact if and only if
c," : {0}.

(") Lct Cr and C2 bc two noncmpty convcx scts in IR' such that ri(Ct e
Cz) / 0. Prove that cl(C1 )Cz) : clCr ) clC2.

(* Let -F be a face of a closecl corr.Y' vex set C C lR'. Prove that any extreme 16 l\4arksl

iroint of F is arr extx'rrx' ltoint is an extreme point of (L\-----'
rrf Ci. If r €F
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#)

"r3th€n-G->-an ext reme pornt Just

Prove that every r € IR.n of norm

Let C q R" be a closed convex set.

ilpc'(.r) - pc:@)ll

its,=77--
is an extreme point of B(0, 1).

For all r,A e 1R' prove that

'<(pr(") -pc(il,r-y).
(+) (") Let C c R" be a a nonempty convex set (C + R") ancl r be a

fN boundary point of C . Prove that there exists a hyperplane supporting\J Cat-r'.
(b) Let K be a convex cone in IR." with polar K". Prove that the polar of

K" is the closurc of K .

[6 N{arks]

[4 l\{arks]

["] \,{arks]

[5 I\Iarks]

[5 l\{arks]

[4 l\{arks]

(") that the tangen t cone to a closed convex set is closed

Let Ct and Cz be two nonempty closed convex sets in lR". For
r e Ct ) Cz prove that Tcracr(r) C Tcr(r) ) T5;r@).

fr Prove that a function f : C -+
if f - ltt tt2 is conv.*lF

Let C g R' be a nonempty convex set.

lR is stro convex on C if and only
+-

(b) Let f : IR" -+ R U {+-} be a fu:rction not identialll, equal to -t-oc
Prove that the function 15 COnVeX if and only if its epigraph is a

set in IR." x lR
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(6) (a) ffif : R.'-+ R U i+-) be a convex function not identially equql to
,/t+* and n' € ri dom/'. Prove tha,t( .: df (r\ - limrlo/ (* + t(r' - r)).
Ml Let A : lR" -+ lR" be a svmmel,ric linear operator. Prove that the\_/ __

quadratic ftrnction f (r) : = 
(A",r) is a convex function.' 2 r '-' -_ ,

[5 NIarks]

[5 N{arks]

(.) Define infimal convolution of two functions h, fz: IR" -+ R U {+oo}.
Find the infiml convolution of the functions f t, fz: lR. -+ IR defined as

h@) ! and /2 l*) - :,resPectivelr-.

*ft (y'Define subdiff'erential of a convex functi on f : lR'' -+ lR in two difi'erent
V \'' 

ways. Prove that the trvo clefinitions are equivalent.

*6)Let/:lR" -+ IR be a convex furrction. Prove that a vector s € IR." is [4 NIarks]
a subgradient of .f at r iffinl5r if (s.-1) e IR'x R isrl=6ffi6T-io
ep /G))

[4 N{arks]

[6 l\4arks]

-+tr)

kl Let .f :IR" -+ R be a (:on\,-ex furrction. Prove that for all Tt,T2 € lR". 14 Nlarks]
(t, - st,rz - -'1) > 0,Vs1 e 0f (rt),i - I,2
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